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We consider  an approximate method of determining tempera ture  fields when the pa ramete r  
in the boundary conditions for  convective heat t r ans fe r  has different values on different 
port ions of the boundary surface .  We il lustrate the effect iveness of our method with ex- 
amples.  

1. A broad c lass  of applied problems in the theory of s tat ionary heat conduction is connected with 
the need for determining tempera ture  fields in a solid under convective heat- t ransfer  conditions on its su r -  
face, wherein values of the heat- t ransfer  coefficient differ, in general, f rom one portion of the surface to 
another.  In this instance the corresponding boundary value problem is formulated (in nondimensional form) 
as follows: 

~T=o, (1) 

OT 
T - -  k I ' " - -  C1 Is~, 
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OT 
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where k i = 1/Bi i and n is along the inner normal  to the boundary surface.  

A r igorous  solution of a problem of this kind, even in the simplest  cases  involving doubly-connected 
boundary surfaces  for  domains of canonical type (a halfspace, a slab, and s imilar  configurations), turns 
out to be very  involved and leads to a need for  considering sys tems of integral equations (or series)  (see, 
for example, [1, 2]). It is therefore  neces sa ry  to go to an approximate analytical solution, one suitable for  
engineering calculat ions.  

To construct  such an approximate solution we replace the boundary conditions (2) by conditions of 
the form 

where 

T--#, . . . .  (3) 
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c) = ( k j -  k~) -~j - N -  dS, i = 2, 3 . . . . .  m, (5) 
S j  

and q" is an approx imate  value of the t e m p e r a t u r e .  

It is read i ly  seen that the change to boundary conditions of this kind is connected with the fol low- 
ing assumption:  

L I ~ 1 OT dS ,  (6) 
On isj N Sj 0n 

he re  the suppor t  su r face  Sj, r e l a t ive  to which "smoothing"  of the coeff ic ients  kj (j = 2, 3 . . . . .  m) is c a r r i e d  
out, is taken to be the su r face  of l a r g e s t  a r ea  (or, equivalently,  with the sma l l e s t  value of kj) for  which 
the re  has  been es tabl ished,  a p r io r i ,  the l a r g e s t  nonuniformity  in the dis tr ibut ion of the normal  component  
of the heat flux. 

The cons tan ts  C' j  are^obtained f r o m  the s y s t e m  of equations (5) a f ter  a s ea r ch  has  been made for  
an approx ima te  solution T = T(kl; C1, C 2 . . . . .  Cm; C 2, . . . . .  Cm,) .  

In seeking a m o r e  accura te  t e m p e r a t u r e  d is t r ibut ion on a pa r t i cu l a r  por t ion of the boundary sur face  
I 

we can r e s o r t  to fu r the r  subdividing this por t ion (Sj) into yet  f iner  por t ions  Sjt(S j = ~ Sjt).* 

We cons ider  now an appl icat ion of this method to specif ic  examples .  

2. We de te rmine  the t e m p e r a t u r e  field in the hal fspace  y > 0, subject to the following boundary 
conditions: 

OT 
T - - k  1 - - 0  

@ 

5 T  
T - - k  2 - -  1 

Og 

i x ' > l ,  g = 0 ;  

x!-<j 1. y = 0 .  
(7) 

In accordance  with Eqs .  (3) and (4) the s impl i f ied  boundary conditions for  this example  take on the f o r m  

~--k  02 f o ix l>1,  y=0 ;  
I ~ S - j  = i l  '--C' rx i -<l ,  y = 0 .  

(8) 

The solution of this l a t t e r  p r o b l e m  can be eas i ly  obtained, for example ,  through the use of the integral  
F o u r i e r  t r ans fo rm;  it has  the f o r m  

T~7"  = 2(1 - - C ' )  i sinp 
e x o ( - - p g )  cos pxdo  

.~ ~ ( l + k l p ) p  " 
0 

(9) 

In accord  with [3], on the boundary y = 0 this solution is given by the express ion  (after  co r r ec t i ng  the e r r o r s  
made in [3]) 

1 [- x-kls inX4-1 1-~-x 14-x T = ( I + C ' )  a - - - -  ci - - s i  c o s - - - -  
L kl kl kl kl 

Ix 1 l /  ' x - - I I  s i n l X - - l /  ~ s i  [ x - - l l  cos , (10) 
: - c i  ~ kl kl kl kl 

where fo r  ix I -  < 1 we have a = 1 and we take the upper  sign, while for  Ix I> 1 we have oz = 0 and we take the 
lower  sign. 

At x = 0 (on the axis  of s y m m e t r y )  we have, s t a r t ing  f r o m  equation (9), 

* A s i m i l a r  approach is used, it will be recal led,  in e l ec t r i ca l ly  model l ing potential  f ields with boundary 
conditions of the third kind. 
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T[x=o--: 2(1 @C') 

tz~O 

2n 

(2n + 1)! k~ ~ 

and in pa r t i cu l a r ,  

7~(0, 0) 2(1~---C') [ 2 ~ 

The  unknown cons tan t  C '  is de te rmined ,  m o r e o v e r ,  

.I 1 
COS-- [ . - - - - c i  1 sin 1 @si kl kl J 

in a c c o r d a n c e  with Eq.  (5), as 

(12) 

- - i  C' = (13) 
2 

l + - -  
(k~ - -  kl) I 

where  

i [ 2 2 (14) = 4 $in'p p = 2  l n - L + O - c i  2 - - -  
p( l  & k i p  ) ~ k 1 k 1 k~ k 1 k 1 J 0 

To ref ine  this  app rox ima te  solut ion we subdivide the s t r ip  Ixl-< ! into the th ree  po r t ions  1 -< x < - a ;  
- - a - < x - < a ; a  < x < l .  We then take the bounda ry  condi t ions  f o r i x l -  < 1, y = 0  in the f o r m  

07' [1 -~C;  ] x l ~ a ;  
T--k~-- -~g I I _ ) C ;  a < [ x [ % ~ l ,  (15) 

while the unknown coef f i c ien t s  a re  obta ined f r o m  the s y s t e m  

Ci - k ~ -  k~ [I~ + C)  a + C~ (h~ ---ra)]; 
a 

. (16) 
c.; = k., - -  kl ff~ _ h ~  + c~ ( I ~  - -  [o)  + c_; ( z l  + zo - -  2[~o)] ,  

l - - a  

where  

2a 2a ] .  I ~ =  1 In 2a 2a cos - -  - -  si - -  sin 2 a  
.u L - l  ~ G - -  c i  k-~-  k 1 kl kl 

i l a=  . . . . .  1 [ l n l & a ~ c i l - - a  l - - a  . l - - a  1 - - a  
.n 1 - - a  ' k~ cos k~ --c~ c o s - -  

kl kl 

+ s i l - - a s i n I - - a  - - s i l  - - a  " l -aa]  k~ k~ s i n  kl 

Here, 
expressions for the unknown coefficients: 

C I : R _ ~ [ 1  ~ k~--k~ (I~--I~a)-~-k~--k~ (i ,_ I~ ,__2i~ , ) l__ l .  
a 1---a ' 

Cs = R-1 [ 1 -  k '2- -k l la- 'a  kz--kll--a-- ( I t ,  - -  /lc~) ] - 1 , . ,  

where  

2I 2 = I, where  I is given by the e x p r e s s i o n  (14). Solution of the s y s t e m  (16) l eads  to the fol lowing 

k 2 - -  k I k .  - -  k 1 ~ko - -  k l )2  i o  R = 1/- I~, + ~ (I~ "- Ic, - -  2Iv,) ' " ([J~ - -  "i~)" 
a 1 - - a  ' a(1 - - a )  

C o m p a r i n g  the so lu t ions  obtained,  f o r  example ,  fo r  k 1 = 5, k 2 = 10, and a = 0.5, we find, af ter  
c o r r e s p o n d i n g  ca lcula t ions ,  that  C'  = --0.425,  while --C1 ' = 0.413 and --C 2' = 0.426, whence it is e a s y  to 
show that the total  heat  f lux on the a r e a l X I  -< 1, y = O i s e q u a l t o Q  =0.175,  in the f i r s t  case ,  and t o Q  
= 0.170, in the second  c a s e .  

(17) 

(18) 
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T A B L E  1 

:Solution of the prob-Smoothing of parameters Smoothing of parameters with an 
lem from its initiallwithout an additional decom- .additional decomposition of the 

~ Iformulation (k I = 1) msitionofthestriplx I = 1,y= (istripintothreeparts 
I 

:r (o,. o) q Q 

10 
I00 

0,6040 
0,4259 
0,2246 
0,1251 
0,0138 

f g ~ :~ty 20 ~ 60k,=k z 

Fig .  1. Dependence  of I on the p a r a -  
m e t e r  k i. 
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' 0, ;20 0,~22 
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Thus ,  the co r r ec t i on ,  which r e s u l t s  in a m o r e  r e f ined  so lu -  
t ion at the expense  of an addit ional  decompos i t i on  of the s t r ip  [XI 
-< 1, y = 0 into individual pa r t s ,  is ins igni f icant  fo r  the r e l a t i o n -  
ship of the p a r a m e t e r s  k 1 and k 2 c o n s i d e r e d  (amount ing to l e s s  
than 3%), so  that f o r  the solut ion of the p r o b l e m  we can r e s t r i c t  
o u r s e l v e s  to the f i r s t  app rox ima t ion  only .  

F o r  k 1 = 1 ana logous  ca l cu la t ions  fo r  v a r i o u s  va lues  of k 2 
were  a l so  c o m p a r e d  with the r e s u l t s  obta ined  in solving the p r o b -  
l e m  in its initial f o rmu la t i on  (7) (see Table  1). This  l a t t e r  so lu -  
t ion was obta ined  by  c o n f o r m a l  mapping  of the or ig ina l  domain  
onto the in te r io r  of a d isk  and then applying d i rec t  me thods  of 
ca lcu la t ion  (method of l e a s t  squa re s ) .  The  e r r o r  in the c a l c u l a -  
t ions,  along a potent ia l ,  amounted  in this  ca se  to l e s s  than 5%, 
while a long the total  heat  f lux it amounted  to l e s s  than 1%. 

3. In an ana logous  m a n n e r  the tempe;~ature f ield in the ha l f space  z > 0 migh t  be found with the fol low- 
ing bounda ry  condi t ions :  

OT 
T - - k l - - = O  r > l ,  z = O ;  

Oz (19) 

OT 
T - - k ~ - - : l  r . ( .1 ,  z = O .  

Oz 

An app rox ima te  solut ion of this  p rob lem,  c o n s t r u c t e d  by  the s a m e  me thod  but us ing  the Hankel in tegra l  
t r a n s f o r m ,  l eads  to the e x p r e s s i o n  

Jl(P) 
7 ~ .... ( l  c ' )  exp (-- pz),I. (pr) dp, (20) 

where  

1 
C' : -- ; (21) 

(k:~ - -  k l )  I 

�9 " ( ]  ...... , 1 / 
- - - ,  o , 8 

The  m a n n e r  in which I v a r i e s  with k 1 is shown in F ig .  1. The  t e m p e r a t u r e  f ie ld  on the axis  of the s y s t e m  
can  be obtained,  in th is  case ,  f r o m  the e x p r e s s i o n  (see [4]) 

2n-[l  

7~'r=~ 1 k,C' ! e x p ( ~ ) E i i _ _ ~ _ l ) j , ( k _ ) _ _ E _  , (2k0 ~n'''n'(--1)'(n' 1)! Z ( - - 1 ) z ( / - - 1 ) , ( ~ - ) z ] ,  (23) 
n = 0  l~=1 
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and at the cen t e r  of the disk, f r o m  the e x p r e s s i o n  

2(0, 0 ) = ( 1  : C') 1 1 n H 1 - Nj ] (24) 
kl 2kl /" 

In conclus ion ,  we note that the method  d e s c r i b e d  he re  can even be used  in model l ing  the t e m p e r -  
a tu re  f ie ld  in those  c a s e s  in which it is diff icult  to r e p r o d u c e  in the model ,  fo r  one r e a s o n  or  another ,  the 
v a r i o u s  va lues  of  the p a r a m e t e r  k.  

NOTATION 

A, Lap l a c e  o p e r a t o r ;  Bi, Blot  number ;  Q, total  heat  flux, si, ci, in tegra l  sine and cosine,  r e s p e c -  
t ive ly;  El,  in tegra l  function; J0, J1, B e s s e l  funct ions  of the ze ro th  and f i r s t  o r d e r s ;  F /-~l, c~2 �9 --z) ,  gen-  2 3 ~ o  r~ ~, 

bJl~ P2, ~3 
e r a l i z e d  h y p e r g e o m e t r i c  s e r i e s ;  M1, Neuman functivn;  I-I i, St ruve function; f, I, Ii, Ila , I a , R, funct ion s y m -  
bols ;  r ,  z, cy l indr ica l  coo rd ina t e s ;  x, y, C a r t e s i a n  coo rd ina t e s ;  p, va r i ab l e  value;  C, cons tant ;  Cj ' ,  un-  
known coef f ic ien ts ;  G, Eu le r  cons tan t .  

1. 

2. 

3. 

4. 
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